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Common fixed point theorem for generalized Suzuki type

(¢, ¢) -weakly contractive mappings

ZHANG Jie, SUYALATU
( College of Mathematics Science, Inner Mongolia Normal University, Huhhot 010022, China)

Abstract; In pertinent literature, the Suzuki type common fixed point theorem in complete metric space
has been established. Based on this theorem, the Suzuki type common fixed point theorem for two map-
pings in a complete b-metric space is established.
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(iii) d(x,y) < k(d(x,z) +d(z,y)).
JJ:[:BTJ" % (X9d) 7{] b - EE%%I‘EHO
BI1PT B = (0,0), EX

dx,y) =lx -yl +|=—-—=|, Va,y e X

y

W (X,d) &k =2H1b-HE=HE,

B2 B (X,d) &b - FEasE,

(i) FRIFA0 {, | W3« e X, IR limd(x,,0) = 0;

(i) PR {x,t J& Cauchy 5, WIERES] {x,f WL, X THERE e >0, FAAEIERBEN, Hm,n > NI,
d(x,,x,) < &;

(iii) FR (X,d) =5E&M, R (X,d) Fdg—4 Cauchy RIS

AR b — BHE SR ELERY

2 FEHS
R B (X,d) S5 b - BRI, b > 1S S, X o X MURAE(EA € (0,0) 8

XAy e X,

%min%d(x,Sx) ,d(y,Ty) | < d(x,y)

REHME
P(d(Sx,Ty)) < (1 =) yp(m(x,y)) - Ap(m(x,y)) (D)
Hrp
(1) ¢:[0,0) — [0,00 ) FHPBINAELLRE, Hy(r) =0 HHE =0;
(ii) ¢:[0,00) = [0,00) BEFFELERI, H () =0 HHLE =0;

(iii) m(x,y) = max{d(x,y),d(x,50) ,d(y,Ty) , 2 [d(x,Ty) +d(y,50) ]},

2k
WS w7 A ME—IAIEAB R
R BEx, e Xo M X HFRYPE o, |, BifG a0, = S, w0y, = Tag,yn = 1,2, o N IRLEMBEBEN
B—1n e N,x, # x,,0 WEAR, KNI GLIRIFAE,
FYE, MR En e N, 15 2y, = %500 NHETEW x,, 2 SHIT AR N

1 1
?d(xzn-l ,szn-l) = ?d<x2n—l ’x2n) =0 =< d(%mxzn-l)

WA (1) 15
lﬂ(d(sxzn,sz”,,)) < (1 - A)‘p(m(xz,laxzy,,fl)) _/\GD(m(xznsxzml)>
Ho

1
m (%, ,%5,1) = maX{d(xz” X0, 1) »d( %y, ,5%,,) ,d (x5, , Ty, )

’ﬂ[ d(erL ’ Tx2ufl ) + d(‘x2r171 ’Sx2n> ] }

max{O,d(xzn ,5%,,) ’0’217k[0 +d(x,,.,,5%,,) | }

1
2

maX{O,d(xzn_l ,5%,,) ,0 [0 + d(x,,,,8%,,) ] }

d( Xon-1s szn )

SN
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P (d(Sxy,,%5,.,)) = p(d(Sxy,,%5,)) = y(d(Sxy,,Tx,,_,))
< (1 = V) (d(xy,_1,8%,)) = Ae(d(x,,_,,5x,,))
N}
AP (d(Sxy, %5, 1)) < - Ap(d(xy,_,,5%,,))

BRI o 198 SUHN o (d(Sxy, 120,,)) = 0, TREH EHEMAERXH - o(d(x,,,,5%,)) =0, A
e(d(xy,1,50,)) <O, FEHRE @ MPERTT @(d(x,,,,5%,,)) =0, it x,, | = Sx,, o IXHf, Sx,, , = Sx,,
=2y, =%, = Ty, By, B SFIT AT S B, WRFER e N, fiffx,,_, =2y, M, ,
J& ST AR

F1% EH

limd(xn?xnﬂ) = 0 (2)
Al
hmd(xn ?xn+2> = O (3>

XfHE—~n e N,
1

1
?d(xZn,—l ’TxZn—]) = 2

d(xZn—l ) < d<x2n »X2n-1 )

AR (1) 13

’»[’(d<5xzmezn-1 )) < (1 - A)¢(m<x2n’x2n_1 ) ) - /\Gp(m<x2n »X2p-1 )) (4)
Hrp
1
m<x2n ’x2n—l) = max{d(xz" ,xzn_1> ,d<xzn »szn) ,d(xzn_l ,szn_l) ,ﬂ[d(xzn,szn_l) + d(xzn_l ,szn) ] }
1
= max{d(xh ’xZn—I) ’d('xZn, 9x2n,+1> 5d<x2n—l ’xZn) ’7k|:d<x2n ’x2n) + d(xZn,—l »X2n+1 ) :l }

1
max{d<x2n "xanl ) ’d(xZn ’x2n+] ) 5ﬂd(x2n—] ’x2n+] ) }

%m(xzu,xzwl) = d(‘x2u7x2n+l> , DI'JEEK’%FK (4) 1%
l/f(d(xzu s Xon41 )) < (1 - A)‘/’(d(erbﬁerH»l )) - )\qo(d(xz,, s X241 ))
FE T ] ¥ o(d(xy,,%5,,)) =0, Blx,, =x,,_,, X5 Xy 7 Xy FHP ) o

(A
zlfkd(xz,l_1 gpay ) = ;fk[kd(xz,]_, Xy, )+ kd (%, ,%0,,,) ] < d(xy,_,,%,,)

FRFVE m(xy,,%5,) = d(xy,,%,,,), TRHEATFX (4) 173

P (d(xy,,%,,)) < (1 = )Pp(d(x,,,25,)) = Ap(d(xy,,%5,,)) (5)
F ol

B (d (200 5%,0)) < (1 = 20)(d(%y,,25,,,) ) — Ae(d(xy,,%,.,,)) (6)
LA (5) - (6) 13, XA n e N,

p(d(x,,,%,)) < (1 -0)¢(d(x,,x,)) - Ap(d(x,,%,.;)) (7)

T @(d(xy,,%,,)) =0, ik
Pp(d(x,,,%,)) < (1 -D)p(d(x,,x,,)) <(d(x,,x,1))
by BT AS
0<d(x,,, ,x,) <d(x,,x,,)
XU {d(x,, ,x,) | SERPEEEA TR NES, BAATE— 8, i1

hmd(xn-ﬂ "xn) =T
n—ow

Tiﬁr :Oo
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Fe5 b, RAEEEC (7)1 s O PR
P(r) < (1 =M)g(r) = Ae(r)
HIt e(r) <0, T2 r =0, B (2) Mior. B =MA%15.
d(x,,%,.,) < kd(x,,x,,,) + kd(x,,,,%,,,)

HEEF (2), IS EAPIHI RS limd (x, ,x,,,) = 0, ]IZC(3) Aoz,

£2% EM {x,} J& Cauchy 31,

Hid(x,,2,,,) —>0(n— o), WHEL {x,, | J& Cauchy 31|, AR, {x,, | AJE Cauchy 31, T R2AFAE &
>0, P fa, b BIBEA T {ay, 0 b FO {og, by AR 2 (D) > m(1) > LI, d(x,0) ,%,0) = ¢ H

d('me(l) ’xZn(l)fZ) < ;To
i =AU

FES d('me(l) 7x2n(l)) = kd(xzmu) 9x2n(l)—2) + kd(xznu) ~25%(1) )

&
= ]73 + hd (%, 23 %0,0)) < & + kd( %y, 5 3 %0,0))

TR (3), FEXS b A~ S5 2 iy MO BR A
llirfd(xZ"M Kouy) = &
A= AAETT
e < d(%a0 %00 ) < kd (%000 3%y o1) + k(X001 3 %00) (8)
A Xyt 5 %ony) < kd (%000 1 %0022 ) + kd (%5, 5 %00))
< kzd(xz,n(,)fl oy )+ kzd(xzm(l) Xy 2) + kA (%, 5 3 %0,0))

2 &
< K A%y 15Xy ) + kT + kd(%5,01) 2 1 %001) )

= kzd(me(/)fl ax2m(l) ) + % + kd(xzn(l) R ’xzn(l) ) (9)
EREEE(2) - (3), XA (8) - (9) Pimlutk FRAT
Ili};rold(len(z)_l o) = %
[ 27
zlirgd(x%z(lm omy ) = %
Ko,

& < d( Xy %0y ) < kA (%) %my-1) + EA (X021 5%0001))
= kd(xzm(m 7x2m(l)—l> + kzd('me(l)—l ’x2n(l)+l> + kzd(xzn(mn ’x2n(1)) ’ d(x2m(l)—l 7x2n([)+l>
= kd(‘me(l)—l ’x2n(1)—2) + kd(%w) ") ’xZn(l)-H)
= kzd(xzmu)q o)+ kzd(xzmu) Xoun-a) F kzd(xznu)fz o)+ kzd(xzn(n X1y 41)

£

2 2 2
<k d(x2m([)—l "x2m(l)> + R +k d(xZn(l)—29x2n(l)) +k d(xznu) ’x211(1)+1>

XL T A AN S A i HOR BR A%
£
kZ

nlirf.}d(xzmu)—l Xou(nyar) =

HiaC (2) 1, XTI RE LA EiRE) e > 0, 47

& &
d<x2n(z> ’xZn([>+l) = ﬂ» d(me(l)—l 7'x2m(l)) = ﬂ

PETA
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139
&= d(x2m(1) >Xon (1) )
= kd(me(l) "me(l)—l) + kd(‘me(l)—l > Xon(1) )
&
= EX + kd('me(l)—l 201y )
Rp
2k < d( %90 1 %201))
XA
1 1 & 1
?d(xznm ,sznm) = ?d(xZn(l) »Xon(1) +1 ) < E = ﬂd(xzmu) ?x2n(l))

1

= zrk(kd(xz’"m ’x2m(l)—1) + kd(me(Z)—l »X2n(1) ))
1 1

= Zd(xzmu) s Xom(1) -1 ) + Zd(xZIn(l)—l s Xon(1) )
1 & 1
Z 2% + Zd(xznm 9x2m<1)71)
1 1

= Zd(an(l)—l o)+ Zd(xzm(zm VX))
1

= ?d(xz,nu)q »Xon(1) ) < d(ern(l)fl sXon (1) )

/7"\% = Xou() Y = Xom(ny -1 3[%%&/\%%?& (l) ﬁ:ﬁf
lp(d(xZn(l)H s Xom(1) ) ) = l//(d(sxzn(z) ’szmu)-1 ))
< (1l -2 )lﬁ(m(xzn(t) s Xom(1) -1 )) - /\QD(m(xznu) »Xom(1) -1 )) (10)
/\[:F'

M Xu(1) s %o -1) = max{d(xzrlm ity 1) s @Koy 3 S%0, ) 5 d(Xgiy 15 Ty 1) s

1
ﬂ[ d(xzw) , TxZ/n(1)71> + d(xzmu)q ,sznu) ) | }

= max{d(xZn(l) ’me(l)fl ) ’d(xZ/L(Z) ’x2n,(l)+l ) ’d(me(l)—l ’me(l) ) ’

1
ﬂ[d(xznu) > Xom(1) ) + d(me(l)—l ’xZn(l)+1> ] }
ES NI}
fimm i ) = max{ 00,55 + ) }=
SRR (10) PRI R B

)= - onF)-ael )

TR & =0, X5 >0 fF. HL {x,,] & Cauchy 51, P {x,} J& Cauchy 51, T X E5EHA, 5K

{71E = € X {1 limd(x,,2) =0,
F3H5 FEz TS AR S, SEiE
%d(xz,l,sz,l) < d(x,,2) gz%d(xm Tay) < d(xy,,,2)
A — A FE AL, A,
d(%, %y.) < kd(xy,2) +kd(z,x,.,)
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kA kA
< Td(xZIl »Xp+1 ) + ?d(xZn-%-l ’x2n+2)

kA kA
< Td(xzn o)+ Td(xzn, X201 )

= k/\d(xZn 7x2n+1) < d(xZn ,x2"+1)
T2 d<x2n’x2n+l) =0, e Yoy = Xopsls x5 Xy, T Xy A JE Jﬂﬁﬁﬁ %nl} ﬁi

A . A
?d<x2ni ’Sx2n,-) = d<x2ni ,Z) E& ?d<x2ni+l ’Tx2ni+l) = d<x2ni+l ,Z)

W1 R d (i, S0,) < d(x,,2), WBA%R (1)

Pp(d(xy.1,T2)) = p(d(Sx,,, Tz) ) < (1 = M)p(m(x,,,2)) - Ap(m(xy, ,2)) (11)
Hr
m(x,, ,2) = max{d(xzni,z) ,d( %y, ,5%,, ) ,d(z,Tz) ,Zlfk[d(xzn, ,T2) +d(z,5x,,) ] }
= max{d(xy,.2) (e, ) (2, T0) L, T) + (o, ]
SN0

1irilm(x2,li,z) = max{d(z,z) ,0,d(z,Tz) ,;fk[d(z,Tz) +d(z,z2)] } = d(z,Tz)

FFANEES (11) 4 R A
Pp(d(z,Tz)) < (1 - 1) p(d(z,Tz)) - Ae(d(z,Tz))
Ml ¢(d(z,T2)) =0, Bz = Tz, th

%d(Z,Tz) = %d(z,z) =0<d(z,2)

FIASE (1) 15
Pp(d(Sz,2)) = ¢p(d(Sz,Tz)) < (1 - V)yp(m(z,2)) - Ap(m(z,2))
= (1 -M)y(d(z,52)) - Ae(d(z,52))
MM d(z,52) =0, Bz = Szo Btz & TS AIEAD R

WR2 IR Ad s, T ) < d,,2) MRS (1) 78

‘p(d(xzn,ﬂ’sz)) = ’l’(d(SZ’szn,ﬂ)) < (1 - A)¢(m<z’x2ni+l)) - )\QD(m(Z,xznin)) (12)

/\Ef:'

1
2
1
"2k

m(Z’xZnI-H) = max{d(z,xzan) ,d(Z,SZ) ’d(x2ni+l 9Tx2ni+l) [d(Z’TxZIziH) + d(xZnﬁl 9SZ> J }

= maX{d(Z’xznl”) ,d(Z,SZ) ’d(x2n1+1 9x2n,[+2> [d(zaxZni+2) + d(x211i+] 5SZ) :I }

WA Jimm (z.6,,,0) = max{d(z,2) ,d(z,52) 0,4 [d(3,2) +d(2,82) ] } = d(z,52).

R 1 BUEM, #5338 T2 = Sz = 2,
£4F AT RIME—1E.
Ry & T M S ARG, BT

Jd(2.T2) = 0<d(y.2)

Pt
P(d(y,z)) = (d(Sy,Tz)) < (1 = D)y (m(y,2)) - Ap(m(y,z))
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= (1 -)y(d(y,2)) - Ap(d(y,2))
PEmHES d(y,2) =0, Rly = 2z,
g T
WX = 1(1,1),(4,1),(1,4)} . EX
d(x,y) =l x, =y, 12+l x, =y, |7

W (X,d) Bk =2Hb - BEEZsil, WA e (o%)o

La=(1,1),b=(4,1),c = (1,4), Md(a,b) =9,d(a,c) =9,d(b,c) =18,
EX S:X—>XHNSa=a,50=a,S¢ =b;T:X>XNTa =a,Tb =a,Tc =a, N
d(a,Sa) =d(a,a) =0

d(x,5x) = {d(b,Sb) =d(b,a) =9

d(c,Sc¢) =d(c,b) =18
d(a,Ta) =d(a,a) =0

d(y,Ty) = {d(b,Tb) =d(b,a) =9
d(c,Tc) = d(c,a) =9

U min|d(x,$0),d(r,Ty) | < dCr,y) L
Ag(t) =t,p(t) =1-e",0 e [0, + o), X
m(x.y) = max{d(x,y) ,d(x,50) (2, Ty) 5L, Ty) +d(y,50 1],

P(d(Sx,Ty)) < (1 =2)p(m(x,y)) = Ap(m(x,y))
(1) %,lx =a,y = bHTj‘,

m(x,y) = m(a,b) = max{9,0.9, 500 +97}=9,

y(d(Sa,Tb)) = (d(a,a)) =¢(0) =0,
(1 =) yg(m(a,y)) = Ae(m(x,y)) = (1 =A)¢(9) - Ap(9)
=9(1 =A) =A(1 —¢7)
=9 -A(9+1-¢")

> 9 -%(10 _e?)

=4 +%679

>0
H ¢ (d(Sx,Ty)) < (1 = A)p(m(x,y)) — Ae(m(x,y)) W7,
(i) Yfx =b,y = cHf,
m(x,y) =m(b,c) = max{lg’g,g’%[g +9}}= 18,

(d(Sb,Te)) = y¢(d(a,a)) =¢(0) =0,
(1 =) g(m(x,y)) = Ap(m(x,y)) = (1 = A)y(18) - Ae(18)
18(1 =A) =A(l —e™)
18 —A(19 —e™®)

> 18 —%(19 _e )

171
_2+2e
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>0
P ¢ (d(Sx,Ty)) < (1 = D) p(mx,y)) - Ap(m(x,y)) BALo
(i) Hx =a,y =csa =b,y =altf, &5 (i) WHFELEEMFA,
(iv) Hu =c,y =bmf, 5 (i) WHEZ2ME,
GAENIEG) ~ (iv) FHL, B M E . e L al g, S M THEA ARSI A, HAAR
iy (1,1) ¢
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